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Set-up

• Let (Ω,A,A = (At)t≥0,P) be a filtered probability space, where:

• A is the complete, right-continuous filtration generated by a 2-dimensional
Brownian motion (B,B⊥),

• P is the historical probability measure.

• Define W = (Wt)t≥0 by

Wt = ρBt +
√

1− ρ2B⊥t .

Then W is a an (A,P)-Brownian motion correlated with B with the correlation
coefficient ρ ∈ (−1, 1).

• Let FX = (FXt )t≥0 denote the complete, right-continuous filtration generated by
a process X.

• The filtration A coincides with the filtration FW ∨ FB , generated by the
2-dimensional correlated Brownian motion (W,B).

3/25



Model

Let:

• S, the stock price, be a strictly positive FW -adapted diffusion satisfying

dSt = St(µ(St)dt+ σ(St)dWt), S0 = s0,

• V , the value of the firm, be an FB-adapted diffusion starting at V0 = v0 which
satisfies FVt = FBt ,

• τ, the default of the firm, be a strictly positive, finite FB-stopping time.

We assume that the law of τ is equivalent to the Lebesgue measure, i.e.,
P(τ ∈ du) ∼ du. Consequently, there exists a strictly positive density function g such
that

P(τ > u) =

∫ ∞
u

g(s)ds ∀u ≥ 0.

Moreover, we suppose that

Gt = P(τ > t|FWt ) > 0.
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Default-free Market

We consider a financial market with:

• the stock S = (St)t≥0, where

dSt = St(µ(St)dt+ σ(St)dWt), S0 = s0,

• the bank account B = (Bt)t≥0 satisfying

dBt = rtBtdt, B0 = 1.

We assume that:

• the risk-free rt ≡ 0,

• θ = (θt)t≥0, where θt = µ(St)
σ(St)

, satisfies the Novikov’s condition.
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Default-Sensitive Contingent Claim

Definition

A default-sensitive contingent claim is a random variable of the form

Ψτ = Y 1
T Iτ>T + Y 2

T (τ)Iτ≤T ,

where Y 1
T and Y 2

T (u) are FWT -measurable random variables.

Example

Default-sensitive European call option:

Ψτ = Iτ>T (ST −K)+ + Iτ≤Th(τ)(ST −K)+

Definition

A fair price at time t ∈ [0, T ] of the contingent claim Ψτ is the conditional
expectation of Ψτ with respect to Kt under one of the pricing measures Q, i.e.,

Ct = EQ(Ψτ |Kt).
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Additional Information

The filtration K represents:

• either the regular investor’s information

Kt = FWt ∨ σ(τ ∧ t) ∀t ≥ 0,

• or the strong information

Kt = FWt ∨ σ(τ) ∀t ≥ 0,

• or the full information

Kt = FWt ∨ FBt ∨ σ(τ) ∀t ≥ 0.
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Jacod’s Hypothesis

Hypothesis (Jacod’s Hypothesis)

The FW -(regular) conditional law of τ is equivalent to the law of τ, i.e.,

P(τ ∈ du|FWt ) ∼ P(τ ∈ du) P− a.s. ∀t ≥ 0.

Lemma

There exists a family of strictly positive (FW ,P)- martingales (p(u))u≥0, called the
FW -conditional density of τ, such that

P(τ > u|FWt ) =

∫ ∞
u

pt(s)g(s)ds, P− a.s. ∀t ≥ 0.

Fact

For every u ≥ 0, there exists a process β(u) such that

dpt(u) = pt(u)βt(u)dWt, p0(u) = 1.
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FW ∨ FB-(regular) conditional law of τ

Theorem

The FW ∨ FB-(regular) conditional law of τ is given by

P(τ > u|FWt ∨ FBt ) =

{
Iτ>tP(τ > u|FBt ), u > t,
Iτ>u, u ≤ t.
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Yor’s Method

• Let us denote

Pt(u) = P(τ > u|FWt ∨ FBt ) = P(τ > u|FBt ).

• The process P (u) = (Pt(u)) is an (FB ,P)-martingale. Hence,

Pt(u) = P0(u) +

∫ t

0

Qs(u)dBs.

• There exists a family of measures P (dx) = (Pt(dx))t≥0 such that

Pt(u) =

∫ ∞
u

Pt(dx).
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Example

Take S and V which satisfy the following:

dSt = StσρdWt, S0 = s0,

dVt = VtσdBt, V0 = v0,

where
d〈W,B〉t = ρdt

and
τ = inf{t ≥ 0 : Vt ≤ a}.

Define P (u) by
Pt(u) = P(τ > u|FWt ∨ FBt ) = P(τ > u|FBt ).

Then,

Pt(u) =

 Iτ>t
∫∞
u

ln(
Vt
a

)

σ(s−t)
3
2
√

2π
exp{− (X2

t (s)

2
}ds, u > t,

Iτ>u, u ≤ t,
and for t < τ

Qt(u) = It<u
( 2√

2π(u− t)
exp{−X

2
t (u)

2
} − Vt

a
σΦ(−Xt(u)− σ

√
u− t)

)
,

where

Xt(u) =
ln(Vt

a
)− 1

2
σ2(u− t)

σ
√
u− t

.
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Yor’s Method

Hypothesis (Yor’s Hypothesis)

There exists an FW ∨ FB-predictable family of measures Q(dx) = (Qt(dx))t≥0 such
that

Qt(u) =

∫ ∞
u

Qt(dx)

and the measure Qt(dx) is absolutely continuous with respect to Pt(dx).
Moreover, the process ζ(x) defined by

Qt(dx) = ζt(x)Pt(dx)

satisfies ∫ t

0

|ζs(τ)|ds <∞ P− a.s. ∀t ≥ 0.

Example

The processes P (u), Q(u) and ζ(τ) = (ζt(τ))t≥0, where

ζt(τ) = Iτ>t
Qt(du)

Pt(du)
|u=τ = Iτ>t

( 1

Bτ −Bt − 1
2
σ(τ − t)

− Bτ −Bt
τ − t

)
,

satisfy the Yor’s Hypothesis.
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Semi-martingale Decomposition of W

• Decomposition of W in K:

Filtration K = (Kt)t≥0 Decomposition of W

FWt ∨ σ(τ ∧ t) Wt = WK
t +

∫ t∧τ
0

Ξs
Gs
ds+

∫ t
t∧τ βs(τ)ds

FWt ∨ σ(τ) Wt = WK
t +

∫ t
0
βs(τ)ds

FWt ∨ FBt ∨ σ(τ) Wt = WK
t + ρ

∫ t
0
ζs(τ)ds
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Semi-martingale Decomposition of S

• Semi-martingale decomposition of S in K:

dSt = St
(
Atdt+ σ(St)dW

K
t

)

Filtration K = (Kt)t≥0 Decomposition of A = (At)t≥0

FWt ∨ σ(τ ∧ t) At= µ(St) + σ(St)
(
It≤τ Ξt

Gt
+ It>τβt(τ)

)

FWt ∨ σ(τ) At= µ(St) + σ(St)βt(τ)

FWt ∨ FBt ∨ σ(τ) At= µ(St) + ρσ(St)ζt(τ)
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Predictable Representation Theorem

• Any strictly positive (K,P)-(local) martingale N has the following decomposition:

Filtration K = (Kt)t≥0 Decomposition of N = (Nt)t≥0

FWt ∨ σ(τ ∧ t) dNt = Nt−
(
atdW

K
t + btdMt

)

FWt ∨ σ(τ) dNt(τ) = Nt(τ)at(τ)dWK
t

FWt ∨ FBt ∨ σ(τ) dNt(τ) = Nt(τ)
(
at(τ)dWK

t + bt(τ)dWK,⊥
t

)
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Equivalent Martingale Measures

Filtration K = (Kt)t≥0 Radon-Nikodym density Z = (Zt)t≥0

FWt ∨ σ(τ ∧ t) Zt =E
(
−
∫ ·
0
(θs + γs)dWK

s

)
t
exp{−

∫ t∧τ
0

bsλsds+ ln(1 + bτ )It>τ}

FWt ∨ σ(τ) Zt(τ) = Z0(τ)E
(
−
∫ ·
0
(θs + βs(τ))dWK

s

)
t

FWt ∨ FBt ∨ σ(τ) Zt(τ) = Z0(τ)E
(
−
∫ ·
0

(
θs + ρζs(τ)

)
dWK

s

)
t
E
(∫ ·

0
bs(τ)dWK,⊥

s

)
t

Proposition

The process Z is a (K, P)-martingale and the probability measure Q defined by

dQ|Kt = ZtdP|Kt ∀t ≥ 0

belongs to the set

{Q : Q loc∼ P, S is a (K,Q)− (local) martingale}.
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Price in FW ∨ σ(τ)
Let Kt = FWt ∨ σ(τ). The Radon-Nikodym density Z = (Zt)t≥0 is given by

Zt(τ) = Z0(τ)E
(
−
∫ ·

0

(θs + βs(τ))dWK
s

)
t

.

Proposition

The price of the default-sensitive contingent claim

Ψτ = Y 1
T Iτ>T + Y 2

T (τ)Iτ≤T ,

where Y 1
T and Y 2

T (u) are FWT -measurable random variables, is uniquely given by

Ct(τ) = Iτ>T EP(Y 1
TmT |F

W
t )

mt
+ Iτ≤T

EP(Y 2
T (u)mT |FWt )|u=τ

mt

where m = (mt)t≥0 satisfies

mt = E
(
−
∫ ·

0

θsdWs

)
t

∀t ≥ 0.
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Price in FW ∨ FB ∨ σ(τ)

Let Kt = FWt ∨ σ(τ). The Radon-Nikodym density Z = (Zt)t≥0 is given by

Zt(τ) = Z0(τ)E
(
−
∫ ·

0

(
θs + ρζs(τ)

)
dWK

s

)
t

E
(∫ ·

0

bs(τ)dWK,⊥
s

)
t

.

Proposition

The price of the default-sensitive contingent claim

Ψτ = Y 1
T Iτ>T + Y 2

T (τ)Iτ≤T ,

where Y 1
T and Y 2

T (u) are FWT -measurable random variables, is uniquely given by

Ct(τ) = IT<τ EP(Y 1
TLT (u)|F1

t ∨F
2
t )|u=τ

Lt(τ)
+ IT≥τ EP(Y 2

T (u)LT (u)|F1
t ∨F

2
t )|u=τ

Lt(τ)

where L(τ) = (Lt(τ))t≥0 satisfies Lt(τ) = E
(
−
∫ ·

0

(
θs + ρζs(τ)

)
dWK

s

)
t
Πt(u)|u=τ

and Πt(u)du = P(τ ∈ du|FBt ).
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Choice of the Pricing Measure in the case Kt = FWt ∨ σ(τ ∧ t)

We choose the process b in

Zt = E
(
−
∫ ·

0

(θs + γs)dW
K
s

)
t

exp{−
∫ t∧τ

0

bsλsds+ ln(1 + bτ )It>τ},

which satisfies the following conditions:

• b is FW -predictable,

• EP(b2τ ) <∞,
• bt > −1 for all t ≥ 0,

• EP(Zt) = 1.
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f -divergence, where f(x) = − ln(x)

We choose

Q∗ ∈ {Q : Q loc∼ P, S is a (K,Q)− (local) martingale},

such that

EP

(
− ln

(
dQ∗

dP
|KT
))

= inf
Q∈MP(K)

EP

(
− ln

(
dQ
dP
|KT
))

,

where Kt = FWt ∨ σ(τ ∧ t).

We solve
EP(− ln(Z∗T )) = inf

b∈∆
EP(− ln(ZT )),

where

ZT = E
(
−
∫ ·

0

(θs + γs)dW
K
s

)
T

exp{−
∫ T∧τ

0

bsλsds+ ln(1 + bτ )IT>τ}.
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Minimal Martingale Measure in K = (Kt)t≥0, where
Kt = FWt ∨ σ(τ ∧ t)

Proposition

The optimization problem is solved by b∗t ≡ 0 for all t ≥ 0, i.e.,

Z∗T = E
(
−
∫ ·

0

(
θs +

Ξs
Gs

Is≤τ + βs(τ)Is>τ
)
dWK

s

)
T

.

More precisely, we have

dQ∗|KT = E
(
−
∫ ·

0

(
θs +

Ξs
Gs

Is≤τ + βs(τ)Is>τ
)
dWK

s

)
T

dP|KT .
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Price in K = (Kt)t≥0, where Kt = FWt ∨ σ(τ ∧ t)

Proposition

The price of the default-sensitive contingent claim

Ψτ = Y 1
T Iτ>T + Y 2

T (τ)Iτ≤T ,

where Y 1
T and Y 2

T (u) are FWT -measurable random variables, is given by

Ct = It<τ
EP(

∫ T
t Y 2

T (u)Ẑ∗T (u)pT (u)g(u)du+Y 1
T Z̃
∗
TGT |F

1
t )

GtZ̃
∗
t

+It≥τ EP(Y 2
T (u)Ẑ∗T (u)pT (u)|F1

t )|u=τ
pt(τ)Ẑ∗t (τ)

where
Z∗t = Z̃∗t It≤τ + Ẑ∗t It>τ .
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Conclusions

• In the presented method, one of the two hypotheses (Jacod’s or Yor’s) has to
be satisfied.

• If one of the hypotheses is satisfied, then the stock price remains a
semi-martingale in the enlarged filtration and the well-known results for the
decomposition of a Brownian motion in the enlarged filtration may be applied.

• In the case of the strong information (initial enlargement of FW ), the set of
equivalent martingale measures is infinite but it does not imply incompleteness of
the market because the σ-algebra K0 is not trivial. Moreover, the prices are
unique.

• In the case of the full information (initial enlargement of FW ∨ FB), the set is
again infinite and the prices are unique.

• In the case of the regular investor (progressive enlargement of FW ), the set of
equivalent martingale measures is also infinite and the prices depend on the
choice of a measure. One may use f-divergence approach to choose one of them.
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Thank you for your attention.
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